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Abstract
We introduce a new notion of ‘neighbors’ in geometric permutations. We conjecture that the
maximum number of neighbors in a set S of n pairwise disjoint convex bodies in Rd is O(n),
and we prove this conjecture for d= 2. We show that if the set of pairs of neighbors in a set
S is of size N , then S admits at most O(Nd−1) geometric permutations. Hence, we obtain an
alternative proof of a linear upper bound on the number of geometric permutations for any 6nite
family of pairwise disjoint convex bodies in the plane.
c© 2003 Elsevier Science B.V. All rights reserved.
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1. Background and motivation
Let S be a 6nite family of convex bodies in Rd. A line ‘ that intersects every
member of S is called a line transversal of S.
If the bodies in S are pairwise disjoint, then a line transversal ‘ of S induces a pair
of linear orderings on S (one order being the reverse of the other order), which are the
orders in which the members of S are met by ‘, corresponding to the two orientations
of ‘. Katchalski et al. [6] were the 6rst to study such pairs of orderings and called
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them geometric permutations. We refer to [3–7,9] for the recent study of this concept,
its applications and its generalizations.
Line transversals have practical applications in computing visibility information
for eMcient rendering of scenes, e.g., in three-dimensional computer games and in
architectural walkthroughs. See [2,13] for the algorithmic aspects of line transversals.
Let gd(n) denote the maximum number of geometric permutations in Rd, where
the maximum is taken over all such families S of size n. A major open problem
in transversal theory is to give sharp asymptotic bounds on gd(n). Edelsbrunner and
Sharir [3] have shown that g2(n)=2n−2 (for n¿ 3). Katchalski et al. [7] showed that
gd(n) = N(nd−l). The only known general upper bound on gd(n) is O(n2d−2) and is
due to Wenger [14]. Hence, for d¿ 3 there still exists a wide gap between the known
upper and lower bounds. Recently, Smorodinsky et al. [11,12], obtained a tight bound
of O(nd−1) on the maximum number of geometric permutations, in the special case
where S consists of pairwise disjoint balls in Rd. (For the case of congruent or nearly
congruent balls, the number of geometric permutations is only O(1) [8,15].) This result
was followed by an extension of the same bound to the case of “fat” convex bodies,
by Katz and Varadarajan [9]. A very recent result by Koltun and Sharir [10] implies
that the number of geometric permutations of a set S of n pairwise disjoint convex
semialgebraic sets of constant description complexity in R3 is O(n3+
), for any 
¿ 0;
this is an intermediate bound between the upper bound O(n4) of [14] and the lower
bound N(n2) of [7]. It has been conjectured that gd(n) = O(nd−1).
1.1. Separation sets and neighbors
Wenger [14] introduced the notion of separation set, which was later generalized
in [12]:
Denition 1.1. Let S be a family of pairwise disjoint convex sets in Rd, and let P be
a set of hyperplanes in Rd passing through the origin. We say that P is a separation
set for S if for each pair si; sj ∈ S there exists a hyperplane h, parallel to a hyper-
plane in P, such that si and sj are contained in diSerent open half-spaces bounded
by h.
For a family S of pairwise disjoint convex sets, let GP(S) denote the number of
geometric permutations of S.
Lemma 1.2 (see Smorodinsky [11], Wenger [14]). Let S be a collection of pairwise
disjoint convex sets in Rd and let P be a separation set for S. Then
GP(S) = O(|P|d−1).
Proof (sketch). Consider the cross section A∗(P) of the arrangement A(P) within
the unit sphere Sd−1; it is an arrangement of |P| great spheres, each consisting of all
orientations parallel to some hyperplane in P. It is easy to show that, for each cell C
of A∗(P), there is at most one possible geometric permutation that is induced by lines
with orientation in C, and this implies the asserted bound.
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Since any set of n pairwise disjoint convex bodies admits a separation set of size( n
2
)
, one obtains an upper bound of O(n2d−2) on the number of geometric permutations
in d-space. (This is Wenger’s proof.)
It was shown in [12] that, if S is a collection of pairwise disjoint balls in Rd, then
there exists a separation set for S of size O(n), where the constant of proportionality
depends on the dimension d. Hence, combined with Lemma 1.2, one immediately gets
an O(nd−1) upper bound on the number of geometric permutations for S. The fact
that, in any dimension, balls can be separated with only O(n) hyperplane directions
seems to depend on their fatness. Indeed, Katz and Varadarajan [9] showed later that
any set of pairwise disjoint -fat convex bodies in Rd (i.e., the ratio between the
circumradius and inradius of any input body is at most , where  is a constant),
admits a separation set of size O(n), where the constant of proportionality depends on
 and on the dimension d.
The problem with the notion of separation set is that, already in three dimensions,
one cannot hope to get a separation set of linear size for general convex bodies. In fact,
there exist collections S of n pairwise disjoint convex bodies in R3, for arbitrarily large
n, such that any separation set for S is of size (n2). For example, one can take S to be
the collection of Voronoi cells of the Voronoi diagram of a set consisting of n=2 points
on the line l1 : x=0; z=1 and of n=2 points on the line l2 : y=0; z=0. It is easily
seen that every pair of points (p; q), such that p∈ l1 and q∈ l2, have touching Voronoi
cells, and that the separating facets of these pairs of cells have diSerent orientations.
Shrink the bodies in S by a small amount, to make them pairwise disjoint. Hence, any
separation set for S must contain a distinct plane for each of these pairs of formerly
touching cells, so its size must be O(n2). Therefore, Lemma 1.2 is useless in the
general case.
In this paper, we introduce a weaker notion of separation, and show that it can be
used, in a manner similar to that in Lemma 1.2, to derive bounds on the number of
geometric permutations.
Denition 1.3. Let S be a family of n pairwise disjoint convex sets in Rd. Two objects
a; b∈ S are called neighbors if there exists a line transversal l of S such that a and b
are consecutive elements of the geometric permutation induced by l.
Denote by N (S) the set of all neighbors in S. Note that if GP(S)=0 then N (S)=∅
and if GP(S)¿ 1 then |N (S)|¿ n− 1.
Conjecture 1.4. If S is a family of pairwise disjoint convex bodies in Rd then |N (S)|=
O(n).
In Section 2, we establish the conjecture for the planar case.
It can be shown that, in the above example involving Voronoi cells, we have
GP(S)¿ 1, and there are indeed only O(n) neighbors. The following lemma shows
that, if the conjecture is true, it leads to sharp bounds on the number of geometric
permutations in the general case.
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Lemma 1.5. Let S be a family of n pairwise disjoint convex bodies in Rd. Then
GP(S) = O(|N (S)|d−1).
Proof. For each pair of bodies a; b∈N (S), let ha;b be any hyperplane separating a
and b, and let P be the set of these |N (S)| hyperplanes. We proceed as in the proof
of Lemma 1.2, by considering the arrangement A∗(P) of the great spheres in Sd−1
associated with the hyperplanes in P. Fix a (full-dimensional) cell C of A∗(P) and
let ‘ be an oriented line transversal to S with orientation in C. ‘ induces a geometric
permutation  = (1; 2; : : : ; n) on S. For each i = 1; : : : ; n − 1, the elements i; i+1
are neighbors (by de6nition), so there exists a hyperplane hi ∈P that separates them.
hi corresponds to one of the great spheres in the arrangement A∗(P), with C lying
in one of the two corresponding hemispheres. This means that every oriented line that
intersects both i and i+1 and has orientation in C, must intersect these two sets in a
6xed order. This implies that in any geometric permutation induced by a line transversal
with orientation in C, i must precede i+1, for each i = 1; : : : ; n− 1. Clearly, exactly
one geometric permutation (namely, ) has this property. We conclude that there is at
most one geometric permutation that can be induced by lines with orientation in C.
Hence the number of geometric permutations is at most the number of cells in A∗(P),
which is O(|N (S)|d−1).
2. Linear bound on the number of neighbors in the plane
In this section, we prove our main result showing that our conjecture is true in the
plane.
Theorem 2.1. Let S be a set of n pairwise disjoint convex bodies in the plane. Then
the number of neighbor pairs in S is O(n).
Proof. We de6ne a graph G on S, whose edges connect each of the neighbor pairs.
We will show that G is a quasi-planar graph, i.e., G can be drawn in the plane so that
no three edges with distinct endpoints are pairwise crossing. The theorem then follows
from the result of Agarwal et al. [1], that quasi-planar graphs have linear size.
We draw G as follows. For each object a∈ S we 6x a point va inside a; these are
the vertices of (the drawing of) G. If (a; b) are neighbors, we choose one transversal
line ‘ of S along which ‘ ∩ a and ‘ ∩ b appear consecutively. Let qa and qb be the
two nearest endpoints of these two respective intervals. Then we draw the edge ab of
G as the polygonal arc vaqaqbvb, see Fig. 1.
To prove that G is quasi-planar, assume to the contrary that there exist six distinct
objects a; b; c; d; e; f in S, such that the edges (a; b), (c; d), (e; f) are pairwise crossing.
Any of these edges, say, (a; b), is drawn as a polygonal arc, whose portion outside
a∪ b is a straight segment sab, connecting a point qa ∈ @a to a point qb ∈ @b, such that
sab is contained in a line transversal ‘ab of S, along which a and b are neighbors, and
so that the relative interior of sab is disjoint from a and b (and from all other objects
in S as well). Similar constructions hold for the edges (c; d) and (e; f). Note that the
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Fig. 1. Drawing an edge of G.
Fig. 2. The structure of a triple edge-crossing in G.
crossing between, say (a; b) and (c; d) must be at an interior point of sab and of scd,
and similarly for the two other crossings.
The removal of sab from ‘ab partitions this line into two rays, one of which meets a
and is denoted as #a, and the other meets b, and is denoted as #b. A similar notation
holds for the two other lines.
Note that the lines ‘ab; ‘cd; ‘ef must be distinct transversals of S. Let  be the
triangle whose vertices are the crossing points of the segments sab; scd; sef. Order
the six objects a; b; c; d; e; f according to the counterclockwise angular order of the
endpoints qa; qb; qc; qd; qe; qf about (any point of) . Without loss of generality, assume
that this circular order is (a; c; e; b; d; f); note that the three pairs a and b, c and d,
and e and f must be ‘antipodal’ elements of this order, see Fig. 2.
Since each of the lines ‘ab; ‘cd; ‘ef is transversal to S, it meets each of the six sets
a; b; c; d; e; f. Consider, say, the line ‘ab. Since the relative interior of the contained
segment sab is disjoint from all sets in S, each of the four other objects c, d, e, f
meets ‘ab at one (and only one) of the two complementary rays #a; #b.
We make the following simpli6cation of the con6guration, by replacing each of
these six objects by a straight segment. Consider one of the objects, say a. Pick a
point q′a ∈ a ∩ ‘cd, and a point q′′a ∈ a ∩ ‘ef. Then q′a ∈ #c ∪ #d and q′′a ∈ #e ∪ #f. It is
impossible that q′a ∈ #d and q′′a ∈ #e, for then the segment sab would not be disjoint from
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Fig. 3. The three types of objects and their straightening.
a, as is easily seen (see Fig. 2). Hence, there are three possible cases (the mnemonics
refer to the positioning of qa in the triple {qa; q′a; q′′a }):
(i) q′a ∈ #c and q′′a ∈ #f. In this case, we refer to a as a middle object, and replace it
by the straight segment q′aq
′′
a ; see Fig. 3(a).
(ii) q′a ∈ #c and q′′a ∈ #e. In this case, we refer to a as a clockwise object, and replace
it by the straight segment qaq′′a ; see Fig. 3(b).
(iii) q′a ∈ #d and q′′a ∈ #f. In this case, we refer to a as a counterclockwise object, and
replace it by the straight segment qaq′a; see Fig. 3(c).
Similar ‘straightenings’ are applied to the 6ve other objects. Each straightened object
is contained in the corresponding original object, and thus the resulting six segments
are pairwise disjoint. Note that the straightened a need not contain the point qa (in
case (i)). In this case, we replace qa by the intersection of the straightened a with ‘ab.
This step, applied to each of the objects if needed, may cause some of the segments
sab; scd; sef to expand, but it is easily checked that the relative interiors of the new
segments are still all disjoint from all the new six objects; see Fig. 3(a).
Lemma 2.2. If one of the six objects is middle or clockwise (resp., middle or counter-
clockwise) then the object immediately succeeding (resp., preceding) it in the coun-
terclockwise circular order about  must be clockwise (resp., counterclockwise).
Proof. Without loss of generality, assume that the 6rst object is a and that it is middle
or clockwise. The succeeding object, c, must meet ‘ab within #b, or else a and c would
have to intersect (because any segment connecting qc to a point on #a has to cross
qaq′a ⊆ a). Then c must be clockwise.
Corollary 2.3. Either all six objects are clockwise or all are counterclockwise.
Without loss of generality, we may assume that all objects are clockwise. Start at
the a-endpoint v1 = qa of sab, and draw through it a line that is parallel to ‘ef and
intersects ‘cd at a point v2, which lies counterclockwise from v1 with respect to .
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Fig. 4. The hexagon H .
Fig. 5. The hexagon H and the 6nal contradiction.
Then draw from v2 a line parallel to ‘ab which intersects ‘ef at a point v3, again,
lying counterclockwise from v2. We keep ‘turning’ like this until we reach the line ‘ab
again, at a point v7. We claim that this process produces a closed hexagon, i.e., that
v7 = v1. Indeed, we need to show that the edge v6v1 is parallel to the edge v5v2. Let
x; y; z denote the vertices of the triangle  (see Fig. 4). It is easily seen that the two
triangles v1v2y and zv3v4 are congruent and that the triangle zv3v4 is congruent to the
triangle v6xv5. Hence, |v6v5|= |v1y| and v6v5‖v1y; therefore, v1yv5v6 is a parallelogram
and the claim follows, see Figs. 4 and 5.
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We claim that the vertices of H satisfy
v1 = qa; v2 ∈ #c; v3 ∈ #e; v4 ∈ #b; v5 ∈ #d; v6 ∈ #f:
Indeed, since the segment a is clockwise, it meets #e, and thus must lie counterclock-
wise to the ray qav2. Since a ∩ ‘cd ∈ #c, we have v2 ∈ #c as well. A similar argument,
proceeding inductively counterclockwise around H , holds for all other vertices.
Note that the segment f, being clockwise, meets #a and #c. Hence its orientation
is on one hand counterclockwise to that of v6qa = v6v1 (or else it would not have met
#c), and is on the other hand clockwise to that of v6v1 (since v6 ∈ #f and f meets
#a). This contradiction implies that the graph G cannot have three pairwise crossing
edges, and thus G is quasi-planar and has linear size. This completes the proof of
Theorem 2.1.
3. Conclusion
Theorem 2.1, combined with Lemma 1.5, yields an alternative proof that g2(n)=O(n)
(albeit with a weaker bound than the tight 2n−2 bound in [3]). The main open problem
is to establish the conjecture in higher dimensions, in particular for d= 3.
Interesting by itself is the use of the linear bound on the size of quasi-planar graphs
in the proof of Theorem 2.1. This application is among the very few known applications
of quasi-planarity. It is conceivable, though, that the neighbor graph G is in fact planar.
However, our speci6c (and quite natural) way of drawing G can have crossing edges,
as can be easily shown.
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